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Near polygons with lines of size three and Fischer spaces )

by

A.E. Brouwer, A.M. Cohen & H.A. Wilbrink

ABSTRACT

We show that certain near polygons carry in a natural way the structure
of a Fischer space, and determine all near hexagons with lines of length 3
and with quads, having at least one GQ(2,4) quad. In particular, we prove
the uniqueness of the POE(3) near hexagon on 567 vertices and describe a

new near hexagon on 243 vertices.
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0. INTRODUCTION

A near polygon is a connected partial linear space (X,L) such that given a
point x and a line L there is a unique point on L closest to x (where
distances are measured in the point graph: two points are adjacent iff they
are distinct and collinear). For more details on near polygons, see Brouwer
& Wilbrink [2] - properties derived there will be assumed known without

further mention.

A Fischer space is a linear space (E,L) such that
(i) all lines have size 2 or 3
(ii) for any point x the map O.° E +~ E fixing x and all lines through x and
interchanging the two points distinct from x on a line of length 3

through x is an automorphism.

One can show that Oxdy has order 2 or 3 whenever the line xy has size 2 or

3 (respectively). For more details on Fischer spaces, see Buekenhout [4].
We shall call two distinct points x, y of E adjacent (and write x ~ y)

when they are on a 3-line. Usually, we donot mention L and talk about the

near polygon X or the Fischer space E.
1. BIG SUBSPACES OF A NEAR POLYGON

A geodetically closed proper sub- near polygon Y of anear polygon Xwith the
property that each point of X has distance at most one to Y is called a

big subspace of X.

LEMMA 1, Let Y be a big subspace and L a line of X such that Y n L = @.

Then 7L s a line of Y (where m denotes the projection onto Y).

PROOF. The projection m: X > Y is well defined by n(y) =y if y € Y and

m(x) ~ x if x ¢ Y since Y is a geodetically closed subspace and X does not
contain triangles of lines. Let a, b € L. Since Y is geodetically closed

and m(a) a b m(b) is a path connecting m(a) and w(b), we have d(m(a),m(b)) < 2.
Now m(a) has distance at most two to both b and w(b) so is adjacent to a
point of the line b w(b) which must be w(b). This shows that 7L is a clique

hence contained in a line L', but since L'//nL it follows that wL = L', [




~

EMMA 2. Let Y, Y' be two disjoint big subspaces of X. Then m: Y' >~ Y 48 an
somorphism. [

EMMA 3. Let Y, Y' be two big subspaces of X with Y n Y' # @. Then any line
eeting both Y and Y' also meets Y n Y'.

ROOF. Let L = yy' be a line with L n Y = {y}, L n Y' = {y'}, y # y'. Let
€ YnY'. Let i = d(z,y), i' = d(z,y'). If i = i' then there is a point
" e L with d(z,y") = i-1, and by geodetic closure of Y and Y' we find

"¢ YnY', sowe are done. Thus we may assume i > i'. But now again by

eodetic closure y' € Y. This settles the Lemma. U

. THE FISCHER SPACE OF THE BIG SUBSPACES OF A NEAR POLYGON WITH s = 2

HEOREM. Let X be a near polygon with lines of size 3. For any big subspace
define an involution oy by

x1f xeY
o ,(x) =
z 2f {x,y,z} ©s a line meeting Y in y.

hen oy is well defined and an automorphism of X. If Y and Y' are two big

ubspaces then
(1) Zf Y meets Y' then Oy and Ogr commute ;
(ii) ZfF Y n Y' = @ then Y" = GY(Y') = oY,(Y) is a third big subspace and

0 yw=006 ,0 =

o ,0aQ
Y YY Y Y

Yy

00F. ¢ = Oy is well defined since Y is geodetically closed. We have to
10w that o preserves lines. This is clear for lines meeting Y, so let

= {a,b,c} be a line disjoint from Y. The point o(a) is adjacent to some
>int of the line b w(b) (by the near polygon property), and since this
ine has only three points we find o(a) ~ o(b). Thus o(L) is a line and o
3 an automorphism. If Y' is another big subspace then if Y n Y' # @ we
e from Lemma 3 that o leaves Y' invariant; now if x e X\(YuY') and

'

~yeY, x~y' e Y' then the lines xy and xy' determine a 3 x 3 grid,

1d inside this lattice one immediately sees that OY(OY'(X)) = GY,(UY(X)).

Y NY' = ¢ then Y" = o(Y') is disjoint from both Y and Y', and
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X={BcN||B|] =6 and b « (B\{b})l for b e B}.

7o points B, B' of X are called adjacent if |BnB'| = 2, or, equivalentl

ines are pairs of projective points with norm one and mutually orthogona
L = {{b,b'} c N| (b,b") = o}.

ich line has size 3, and there are (g) = 15 lines on each point.

1e parameter diagram of this near hexagon has the form

ws s+l = 3, t+l = 15, ty+l e {3,5}. Any two points at distance two dete
lne a unique quad, either a 15-pt quad (05(2)) or a 27-pt quad (06(2));
1e 126 27-pt quads correspond to the 126 points of N. The 567 15-pt quad
rrespond to certain sets of 30 points of N partitioned into 15 pairs su
1at the 15 pairs and 15 bases in this 30-set carry the structure of a
1(2,2); they can be found from the bases B' c N' = Q‘I(Z): the (g) = 15
mnes meeting B' in two points have 2 points in N and 2 points in N'.

1 this way we find the required 15 pairs on 30 points of N.

vints, lines and 15-pt quads yield a Buekenhout geometry with diagram:

567 2835 567
2 2 2

)g(3) has an outer automorphism interchanging N and N', yielding a polar
! this geometry. (For more details, see KANTOR [81].)

le 27-pt quads are big quads, and the corresponding Fischer space is the




linear space induced on N by the lines of PG(5,3): the elliptic lines
become 2-lines and the tangents become 3-lines. The main purpose of this
note is to characterize this near hexagon.

In a subsequent note we shall determine all near hexagons with quads and

lines of size 3 having big 15-point quads.

3. NEAR HEXAGONS WITH A BIG QUAD

In this section we consider near hexagons (X,L) (i.e., near polygons

of diameter 3) with lines of size 3 and containing a quad Q of type GQ(2,4).

Since points at distance two from Q would determine an ovoid in Q, while
GQ(2,4) does not possess ovoids, we have:

(n Q is a big subspace.

Now also assume that any two points at distance two from each other have at
least two common neighbours; then our near hexagon 'has quads', and there
is a constant number t+1 of lines through each point. Let v = |X|

(2) v = 54t - 189,

For, if x € Q then x is on t+l lines, 5 of which are in Q and t-4 of which

have two points in X\Q. Thus v = 27+27.(t-4).2. 0O

The lines and quads on a fixed point x forma linear space Lx with t+1 points,
and lines of size 2,3 or 5. (For, the possible quads are of types GQ(2,1),
GQ(2,2) and GQ(2,4), and these have 2,3 or 5 lines on each point.)

If m: X - Q is the projection onto Q (defined by ﬂlQ = id. and mx ~ x for

x € X\Q) then the projection of a line in X\Q is a line in Q. If x; € X\Q

then all lines on X, projecting to a fixed line L, of Q are in the quad

Q(xl,ﬂx],Ll), and thus there are at most 4 such lines (note that the line
x;mx; does project to a point).

More precisely: suppose that the line X TX, is in A quads of type GQ(2,1),
in B quads of type GQ(2,2), and in C quads of type GQ(2,4). Then we have
(3) t+l = A + 2B + 4C + |

but also, since no quad can meet Q in a single point:

(4) A+B+C=>5.

It foilows that 6< t+l1 <21, and that if t+1 = 21 then all quads are of type
GQ(2,4) so that we have the (unique) classical dualvpolar space with v=891

belonging to U(6,22). Let us consider the possibilities for the linear space

L.
X




: satisfies the following two axioms:

1) all lines have size 2,3 or 5

(ii) all lines meet every 5-line.

.s0, we may assume that (for some x) (at least) two different line sizes

:cur, for otherwise the near hexagon is regular and hence known.

Each point of L, is on at most three 5-lines.
Suppose some uce LX is on (at least) four 5-1lines. All lines not on u meet each
of these four lines, and hence also are 5-lines. It follows immediately

that LX = PG(2,4) and t+1 = 21, the classical case.

Each point of LX 18 on at most two 5-lines.

Suppose some u € ins on exactly three 5-lines Lj(j=l,2,3). If there is a
point vg.‘LIULZUL3 thenv is on four 5-lines and we are in case A. Thus

t+1 =13, and all remaining lines of Lx are 3-lines meeting all L, (j=1,2,3).

Now if t+1 = 13 then it is impossible that some L has exactly two 5-

lines M], M2 on a point v. For otherwise there would be a line joining two
of the four remaining points and not passing through v and hence be another
5-1line M3. Now M], M2 and M3 form a triangle covering 12 points, and the

remaining point lies on a 4-line, contradiction.

Let Q] be a 15-point quad on x, and let x~ye¢ Ql' (Then xy is not the point
u of the local space LX.) Consider the local space Ly' On the point v = xy
we see one 5-line M and four 3-lines, and if there are no other 5-lines
then we see a resolution of the edges of K8 (namely Ly\M) in five parallel

classes, which is ridiculous. Thus Ly has the same structure as LX.

Now a global counting argument will kill this case. Consider the partition
of Xinto Q, I',(Q,) and I',(Q,). We have |Q1| =15, lrl(Q])I =2.10.15 =300,
]PZ(Q])l = (54.12-189) - 15~ 300 = 144. Now Q, does not possess partitions
into ovoids, so PZ(Q]) does not contain lines, and all 13 lines on a point
of PZ(QI) have a unique point in FI(QI). Thus there are exactly 144.,13/2 =
946 lines meeting both FI(QI) and.Fz(Qz). On the other hand, given a point

q € Q], we know that Lq has three 5-lines and, apart from these, 3-

lines only, so that the 20 points of T (Q ) adjacent to q are on the
average in (1*(4+4+4)+9*(4+2+2)) = 81y511nes entirely contained within

r (Q ) and therefore on 13 -1-8 /5 = 3 /5 lines meeting T (Q). Counting
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lines between I‘l (QI) and FZ(Q] ) we find 300.3 3/5 =13.144/2, a contradiction.

If Q, is a 15-pt quad, then on the average each point of I‘I(Ql) 8 in
- 3. 6. 24 . . . .
a=zt +§+m lines contained entirely within I‘1 (Q]) ,and t < 14,

Let us formalise the counting argument of the preceding paragraph. Suppose
Q, is a 15-pt quad. Then |Q1[ =15, Irl(ql)l =30(t-2), |r2<Q1)1 =24 (t-6).

The number of lines meeting I‘Z(Ql) is 12(t-6) (t+1) so that on the average
12(£=-6) (t+1) =§t+_6_+ 24 lines
30(t-2) 5 5 5(t-2)

each point of I‘](Ql) is in o :=t -
contained entirely within r, (QI)'
This will turn out to be a very strong restriction: if forces the occur-—
rence of relatively many big quads. As a first application, note that

the lines on qe¢ FI(QI) contained entirely within I‘l(Q]) are in the union
of three quads, and each quad contributes 1 or 2 or 4 lines. Also, by B, these

three quads cannot all be big, so we find 2t: +§+——2-4—2-5-S 4+4+2=10

575 5(t-
and it follows that (if a 15-pt quad occurs, then) t < 14.
In fact a solution with t = 14 exists and is unique - it is Aschbacher's

near hexagon and will be discussed below.

. If LX contains some 5-line but no 3-lines, then t=5 or 8.

If t=05, then the near hexagon is a direct product L x Qof a line and a big quad.
Suppose that LX does not contain 3-lines, but contains some 5-1ine. Then clearly
Lx contains either one or two 5-lines andsot + 1€ {6,9}, ve {81,243}. Ift+1=6
then one verifies easily that each point of X is in a unique big quad, and our

near hexagon is the product L x Q of a 3-1ine and a big quad.

Also the case t+l = 9 will give a unique solution, see below. (In the
sequel, we may assume that points x for which Lx contains a 3-line do

exist, and in particular, that t > 6.)

t # 13.

. - 3 6 24 24 .
If t = 13 then since the average a =z 13 teteaT S 9 *T5 > 4+2+21it follows
that for some x, LX contains two 5-1lines on some point u. The complement of the
union of these two 5-lines consists of 5 points, and the remaining lines on u cover
at most two edges on these 5 points. The remaining edges must be covered by

5-lines, but one immediately sees that this is impossible.

t # 12,

If t = 12 then a > 8, but now we find a contradiction as under B.
t # 11,

- 1
If t = 11 then a = 8§so that for some x, Lx contains two 5-lines on some




: u. As before we conclude that there must be a third 5-line so that
3 the union of three 5-lines. Now such a point x € Q contributes
(h+b+1)+6% (4+2+2)) = 8§ to the average, while points x for which L
1ins at most one 5-line contribute atmost 4+2+2 = 8, so it follows
LX is the union of three 5-lines for every point X € Q1 and (by D)
swvery point x € X.

we have the following situation:

t05; each LX contains 3 5-lines (and 9 3-lines and 9 2-lines), so

there are é%%fé = 45 big quads altogether. ‘
big quad meets 5 = 18 other big quads and hence is disjoint from

chers. Now on the set of 45 big quads we find a Fischer space with 13
1es on each point, but one easily checks that such a Fischer space
not exist (either by first checking that its group must act primi-
ly and concluding that we have a rank-3 graph with v = 45 and k = 18,

such a graph does not exist — or by some simple ad hoc arguments).

10.

= 10 then a = 7%, but no LX contains three 5-lines, and if some

2ins two, then the line joining the remaining two points must be a

1e passing through the point of intersection u of the 5-lines. On the
r hand,eule without 5-lines contributes at most 2+2+2 = 6 to o
nLX with exactly one 5-line (is isomorphic to the unique

,5 };11) design - the 5-edge coloring of K6) contributes exactly
(4+2+2)+4% (2+2+2)) = 7 to a. Thus, the high value of o must be caused
1e Lx with two 5-lines; there are two possibilities, depending on

>osition of the quad Q1 within LX:

; . e h
<

Q

e first case (the line Q] of L passes through u) we have o= -—(8*(4+2+2)) =8,

e second case a = —((4+4+2)+(2+2+2)+2*(4+2+2)+4*(4+2+1)) ; Now
ontains nine 3- llnes, so averaging -over all possible Q1 we find
Lx contributes -—(8*7 +8) = g—< 7; to the average value of




watch this!), a contradiction.

= 9 then o = 7%.
tributes less than 7 to a, while the uniquely determined LX with two

A local linear space LX with at most one 5-line

ines contributes exactly %{(4+4+1)+6*(4+2+1)) = 7%, so all local

ces have two 5-lines (or 2-lines only, but if Lx has two 5-lines and
has 2-lines only, then x # y and by connectivity we see that the latter
e does not occur). We have v = 54.9 - 189 = 297 and the total number

297.4

15-point quads is which is not an integer. Contradiction.

15
t = 8 then there are no 15-point quads in the near hexagon.
t = 8 then a = 64. But any L Wlthout 5-1lines contrlbutes at most 6,

> 4
1 any L with one 5-line contrlbutes —(4*4+10*2+4*]) 6—-< 633 a

1trad1ct10n.
Ls shows that no local space LX contains a 3-line. Below we shall see

it there is a unique near hexagon with t+1 = 9, v = 243,

L 7.
= 7 then o 6§L but the unique LX (with a 5-1line) contributes

peb4+Tx1+4%2) = 633 contradiction.

L6,

= 6 then (PZ(Q])=¢ so) a = 6 and the unique LX with a 5-line (the
on of a 5-line and a 3-line) contributes %(4*(4+1+1)) = 6, and the
y Ly without a 5-line contributing 6 or more is the Fano plane which
tributes exactly 6. Thus, all local spaces are of one of these two
es, or contain 2-lines only. However, two adjacent points have the
le type of local space, and if always the second or third type occurs
have a regular near polygon. Thus, we always have the first type so
h point lies in a unique 15-pt quad and in a unique 27-pt quad, a
d of direct product construction, and we shall see in the next
tion that this is impossible. (This can also be seen directly: v=135,
there are exactly five 27-pt quads, partitioning X. They yield a

cher space on 5 points with lines of size 3 only - ridiculous.)




A PRODUCT CONSTRUCTION

We still have to discuss the cases t+1 = 9 and t+1 = 15. In this

.ction we treat the first case.
us, we have the situation t+l = 9, v = 243, each point in two big quads,

' big quads altogether, falling into two families of 9, each partitioning
Each quad from one family meets each quad from the other family in a line.

is leads to a kind of amalgamated product.

e general construction is as follows:

t X and Y be near polygons with partitions {Zill 1<i<al and
1 | 1 < j <b} into big subspaces, where XnY = Zi-
iteIc={iel\IIISiSc}.

fine a partial linear space Z (sometimes denoted by X x lY) as follows:

Z1

t the point set be le x Ia x Ib; define projections Ty ¢ Z +~ X and

: Z>Yby z~ WX(Z,i,j) € Zil (i#1) and z = nX(z,l,j), and similarly for

we

let the lines be those subsets L c Z such that both ﬂX(L) and ﬂY(L)

e either a singleton or a line, and either nX(L) is contained in some Zil

ﬂY(L) is contained in some le or both, and where |L| > 1.

Write X. = Z, . xI x{j} and
J 11 a

Y, =2, {i} x I, . Then we
can identify X with Xl and
Y with Y1 and thus regard

X and Y as subspaces of Z.
(This uses Lemmas | and 2
for X,Y.) Now note that =

X

and Ty commute.

The X. and Yi are subspaces

]
of Z and WXI and T are

X Y!Y-
. . J 1
1somorphisms.

(For: suppose L is a line

with two points in Xj but

also meeting X k # 3.
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Then nY(L) meets both Z_ . and Zlk’ so by definition of line in Z we have

13
nX(L) c Zil for some 1. But le is a subspace, so WY(L) meets Z]j in one

point only, and all points in L n Xj have the same z,i,j coordinates, i.e.,
coincide. Thus Xj is a subspace. If L is a line in X. and WX(L) is a singleton
then all points of L have the same coordinates, i.e., |L| = 1, impossible.
Conversely, if L' is a line in X then we can find a line L c X. with

nX(L) =L' : if L' c Z + Z..>Z, , is an

xlz,- 15 7 1

in a single point z then L = {(z,1,]j) |L'r12i1¥¢
= (- '

1 @ then let M ﬂY(L )

be the line with ﬂX(M) = M'. Then

. this is possible since T

isomorphism, if L' meets le

satisfies the requirements, finally if L' n Z

a line in le, and let M c le
L = {(z,i,j) | ﬂX(z,i,j) € L'} is a line since ﬂY(L) = M. Thus ﬂX'Xj: Xj + X
is an isomorphism.)

Write Z.. = Y. n X..
1] 1 J

PROPOSITION 1. Let (Z,L) be a near polygon with two partitions

{y, |1 <i< a} and {Xj | 1 < j < b} into big subspaces such that

Zij =Y, n Xj # 0 for all i,j. Then Z = Xlle1 Y, as defined above.

PROOF. First note that Zij is a big subspace of both Yi and Xj (by Lemma 3).
Define X = Xl’ Y = Y1 and Ter Ty in the obvious way. Then T and Ty commute
(by Lemma 1) so that we can label the points (z,i,j) as above. Clearly (by
Lemma 3) all lines of the near polygon are lines of the partial linear space,
and the converse holds since we know in both structures that

m : X. > X is an isomorphism. [J

|
XX,

PROPOSITION 2. Let (Z,L) be a near polygon as above and assume that for

each line M c Z., there is a line M c Y such that M is not contained in any

Z,. and nx(ﬁ) = M. Define for lines L in Z, IL :={i|Ln Yi # @}. If for

1j
two lines L, L' <n X we have IIL nI > 2, then I = I,.

L||

PROOF. If L and L' meet, they coincide and the conclusion is true. Since

Z., 1s connected we may assume that there is a line M c Zi meeting both

11 1
L and L'. Since Yi is isomorphic to Y we can find a line M not contained
in any Zij such that ﬁX(ﬁ) = M. Let a and a' be the points of M projecting to
the points L n M and L' n M of M. Now a ¢ Xj and a' € Xj" say. Let L be

the line on a in Xj such that ﬂx(i) = L. Letli be the projection of L into




=1 IL" and L" meets L', so L" =L'. [

f=

L T = -—
' Let L ﬁX(L). Then IL IL

1is proposition shows that our product construction cannot yield a near
>lygon in all cases - there are special restrictions on the factors. Let us

.ve a simple sufficient condition for Z to be a near polygon.

OPOSITION 3. Suppose that all projections “jk: Xj > X and “ik: Yi > Y
e tsomorphisms. Then Z is a near polygon and the Y., Xj are big subspaces

*Z.

00F. (Note that w., is well defined since . | $ Z.. > Z., 1is well .
—_— jk Jk'Z13 1] ik

:fined. These restrictions clearly are isomorphisms.)

't L be a line in Xj and a. a point of Xk’ k#j. If a,a,...a b ...bs is

0 o1’ rl

shortest path from a, to some point bS € L, where a; € Xk (0<i<r) and

0

€ Xj (1<i<s) then so is a .a_.,b.b b _, where b0 =T '(ar—l)' Thus,

a, .. .

071 r-170"1 s kj

: may assume that a shortest path from ay to a point of L starts with

’ wkj(ao), but Xj is a near polygon (and geodetically closed, again since

O

e ﬂjk are isomorphisms) so there is a unique point on L closest to ag-
converse of this proposition holds: when Z is a near polygon satisfying

le hypotheses of Proposition 1, then clearly the .

ik are isomorphisms.

[EOREM. There s a unique hexagon with quads, with lines of size 3 and at
ast one big quad and t+1 = 9. It has v = 243 and is a product Q>%JQ'
T two big quads meeting in a line. The corresponding Fischer space has

) points and is the disjoint union of two affine planes AG(2,3).

OOF. We already saw that any such near hexagon necessarily has the form
%JQ' where Q and Q' are 27-point quads and L is a 3-line. Now since Q'
not the direct product of two lines, the hypothesis of Proposition 2
satisfied and it follows that the Zil form a spread of lines in Q with

e property that if three lines of the spread have a transversal, then
ey have three transversals. For the dual generalized quadrangle GQ(4,2)
e., U(4,22)) this means that we have an ovoid with the property that
} n yl n zll e {0,3} for any three points x,y,z of the ovoid.

w Brouwer & Wilbrink [3] show that there are precisely two isomorphism

asses of ovoids, those lying on a nontangent plane ('plane ovoids'") and
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lying on three concurrent lines ("tripods"). It is a simple exercise
w that only the plane ovoids satisfy our restriction.

eans that the spreads in Q and Q' in terms of which our product is
d can be chosen in a unique way up to isomorphism. Remains to show

f we choose the spreads in this way, we actually do get a near hexagon.

s end, let L = {a,b,c}bea line ian and a' =Trjk(a),b' =1r.k(b).
J
t to show that a' ~ b'. (By Proposition 3 this suffices.)
Yi for some i or if j = 1 or k = 1 then this is clear. Let a € Zhj

1 then a' ~ b' by

tion of the lines aa' and bb'. Thus we may assume that

€ Zii' Suppose L n Y, #@. If aorbis inL n Y

. Then ﬂY(aa') = wY(bb') = cc' where c' = ﬂjk(c). If the third point
the line cc' lies in Z;then also the third points a" and b" of the
aa' and bb' lie in X and clearly ﬂX(L) = {a",b",c"}. Now the line

",b",c"}) contains a',b',c', so that a' ~ b'. If c" ¢ Z;;then the

bz o= ﬂx(c) and z' = ﬁx(c') are distinct. By our hypothesis on the
|we have {1,h,i} = I =1 ,.:s0 that the third point of the line a'c' lies
. But since c¢' ~b' € Zikf this third point must be b', as was to be

l. Now suppose L n Y, = (. If the line aa' meets X  then by what we

ly proved ﬂﬁi(aa') =]bb' and a' ~ b'. Thus we may ;ssume that the

aa' and bb' do not meet Xl' Now our argument uses the hypothesis on
)read and the uniqueness of the 3 x 3 Latin square: if Z;;= {A,B,C} then
joint of Z has as first coordinate one of A,B and C, and if M is a
ot meeting X; U Y; then the first coordinates of the three points of
(a permutation of) A,B,C. If we assume that the first coordinates of
mnd c are A, B and C and that a' = (B,h,k) then both the neighbour of
zik and b' have coordinates (c,i,k) so that a' ~ b'. (For: the
:tions of the three lines aa'a'", bb'b" and cc'c" on Y are three

.ly disjoint lines exhausting le U Zlk U le, if ¢ € sz, etc.) This
he proof, and also shows that we cannot expect a general theorem in

ime vein. g
i ASCHBACHER NEAR HEXAGON

lemains to discuss the case t+l = 15, v = 567, From the fact that

ity holds in the inequality t < 14 derived in section 3C, we see that




ich point outside a given 15-pt quad Q] lies in 2 big quads and in one 15-pt
1ad meeting Ql' It follows that all local spaces are isomorphic and have

te following structure: |Lx| = 15, there are two 5-lines on each point,
5-lines altogether; there are three 3-lines on each point, 15 3-lines
.together; given a point u outside a 3-line L there is a unique 3-line on
meeting L, i.e., the 3-lines are the lines of a generalized quadrangle

)(2,2) and the 5-lines are the ovoids in that generalized quadrangle.

us, our near hexagon has 6.567/27 = 126 big quads. The corresponding
scher space (E,L) has 126 points, 45 2-lines on each point and 40 3-lines
. each point. Since any component has size at least 81 it follows that.E

. connected.

ven any two points a,b € E, it never happens that Ea = Eb (where EX is the
:t of all points joined to x by a 2-1ine) and by Beukenhout [4, Prop. 13 and 12]

. follows that any block of imprimitivity B of E contains 2-lines only

d has size a power of two. Since 4t 126, if B is not a singleton then

;| = 2. But now the quotient Fischer space would be primitive, with 63
ints, 20 3-lines on each point and 22 2-lines on each point, yielding
strongly regular graph with parameters (v,k,A) = (63,22,?) but such a

‘aph does not exist. (The only parameter set satisfying the divisibility
nditions has u = 11, A = 1, but this graph dies, e.g. because of the
solute bound.)

is shows that we have a primitive Fischer space, and by Fischer [7] the
rrrespondlng Fischer group is one of Sym(n), Sp(2n,2), O (2n,2), PSU(n, 2 ),
»E (n,3), Fi.(j=22,23,24). But 126 is not of the form ( Ny or 22 -1 or
nlon7ly or é—(zn”—(—l)n”)(z -(-1)™) and less than 3510 so that the
scher group necessarily is Og(S);

nsequently, we may identify the big quads with the points x in PG(5,3) for
ich Q(x) = 1, for a fixed quadratic form Q with Witt index 2; the 3-lines
rrespond to tangent lines, the 2-lines to hyperbolic lines.

ch point of the near hexagon lies in 6 big quads (and these big quads

et each other so are joined by 2-lines), so points of the near hexagon
rrespond to orthonormal bases in the geometry (note that the elliptic

nes have two points with Q(x) = 1 and two with Q(x) = -1; the first pair
id the second pair are beoth orthogonal), but since there are exactly 567

thonormal bases, these are all the points.
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roves:

M. There exists a unique near hexagon with s+l = 3, t+l = 15 with
having at least one 27-point quad. It has v=567 and arises from the
geometry as described before. It has no 9-point quads, and in each

the local structure is a linear space B[{3,5};15], the 3-lines forming

1(2,2) generalized quadrangle with the 5-lines as ovoids. [
[CLUSION

wumming up, we have:

M. Let (X,L) be a near hexagon with lines of size 3 having quads
such that any two points at distance two have at least two common
ours), and such that at least one 27-point quad occurs. Then we have

* the following cases, and each is unique:

v t+l t2+l group

891 21 5 PTU6,2%).
81 6 2,5 S xPTU4,27),
243 9 2,5 (ZyxAGL(2,3) xAGL(2,3)). 2
567 15 3,5 P0;(3). 0
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